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Restart is a common strategy observed in nature that accelerates first-passage processes, and has been
extensively studied using classical random walks. In the quantum regime, restart in continuous-time quantum
walks (CTQWSs) has been shown to expedite the quantum hitting times [Phys. Rev. Lett. 130, 050802 (2023)].
Here, we study how restarting monitored discrete-time quantum walks (DTQWSs) affects the quantum hitting
times. We show that the restarted DTQWSs outperform classical random walks in target searches, benefiting from
quantum ballistic propagation, a feature shared with their continuous-time counterparts. Moreover, the explicit
coin degree of freedom in DTQWs allows them to surpass even CTQWs in target detection without sacrificing
any quantum advantage. Additionally, knowledge of the target’s parity or position relative to the origin can be
leveraged to tailor DTQW:s for even faster searches. Our study paves the way for more efficient use of DTQWs in
quantum-walk-based search algorithms, simulations, and modeling of quantum transport towards targeted sites

in complex quantum networks.
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I. INTRODUCTION

First-passage-time problems appear in diverse fields [1],
from ecology [2] and genetics [3] to chemical kinetics [4], fi-
nance [5], and disaster management [6], and involve questions
such as when a predator finds prey, a genetic mutation first ap-
pears in a population, or a stock price hits a certain threshold.
These problems can be modeled by classical random walks,
which involve a random walker searching for a target [7]. A
common challenge is that the walker may stray from the target
and revisit the same sites, indefinitely increasing the mean
search time. Nature has a strategy to bypass this problem:
restart the walk if the walker cannot find the target for some
time [8—11]. Employing this restart strategy has enhanced our
classical search algorithms [12] and has been extensively stud-
ied in relation to stochastic processes under restart [13,14].

Classical random walks have a quantum counterpart
known as the quantum walk, which comes in two forms:
Continuous-time quantum walks (CTQW) [15] and discrete-
time quantum walks (DTQW) [16]. The Hilbert space of the
continuous-time variant consists of a position space spanned
by sites on a lattice, while the discrete-time version in-
cludes a two-dimensional coin space alongside the position
space. Both CTQWs and DTQWs have been applied to var-
ious problems [17-22], from modeling energy transport in
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photosynthesis [23,24] to simulating the Dirac equa-
tion [25,26]. Both types have also been experimentally
implemented in multiple physical systems [27-32].

Unlike classical walks, we cannot have a complete record
of the walker’s trajectory in quantum walks as measurements
collapse the quantum state, disrupting the quantum walker’s
evolution. Hence, instead of discussing first-passage time,
we examine the first-detected-passage time (FDPT) [33-36]
at a target site. In classical walks [37], first-detection and
first-passage times at a target site are equivalent because
one can frequently measure the walker’s position without
affecting the walk. In quantum walks, however, the measure-
ment period significantly affects the walk dynamics. Previous
studies [38,39] on CTQWs evolving under a tight-binding
Hamiltonian show that both the restart time and the mea-
surement period are essential control parameters, contrary to
classical walks where the latter is relatively inconsequential.
While classical walks have a unique minimum mean first-
passage time [14,40-42], CTQWs exhibit multiple minimum
mean FDPTs under stroboscopic measurements.

For DTQWSs, recurrence without restart has been stud-
ied [43—46], but the combined effects of restart and measure-
ment period on FDPTs remain unexplored. DTQWs provide
better control over the walk dynamics than CTQWs due to
their explicit coin degree of freedom. Studying DTQWs with
restart is further motivated by their successful applications in
quantum search algorithms [47,48], and implementations in
physical systems [28,29,31,32,49]. In this work, we study the
effect of restart on the FDPT of a quantum walker undergoing
DTQW. We explore three main questions: How do DTQWs
compare to CTQWs in target searching? Can the explicit
coin degree of freedom in DTQWs reduce the mean FDPTs?
Finally, what are the optimum restart times and measurement
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periods, and how do these depend on the target location?
We will find that DTQWs outperform CTQWs, and their ex-
plicit coin degree of freedom can be exploited to expedite the
FDPTs further. Moreover, knowledge of the target location’s
parity and position relative to the origin plays a crucial role in
selecting the initial coin state of the walker, the restart time,
and the measurement period.

The paper is organized as follows: Section II introduces
DTQWs and CTQWs models, with a primary focus on the
sharp restart strategy and the measurement protocol used in
this work. Section III provides the main results, addressing
the three core questions posed. Finally, Section IV closes the
paper with the key results and possible outlooks.

II. MONITORED QUANTUM WALKS
WITH SHARP RESTART

Let us begin by introducing DTQWs. Consider a one-
dimensional lattice spanned by 2N + 1 sites, labeled by
integers from —N to N. A quantum walker, such as an electron
or a photon, with an internal degree of freedom (spin or
polarization) undergoes DTQW over this lattice. The initial
quantum state of the walker is represented by |V (t = 0)) =
|s) ® |x = 0) existing in a Hilbert space, H = C ® H,,. Here,
C = span{|0), |1)} denotes the coin space, and H,, is the po-
sition space spanned by the lattice sites. The walk operator
W=38C® 1,)] acts on the walker at fixed time intervals
(&), evolving its state in discrete time steps. Consequently,
after the nth step, the walker’s quantum state is given by
[W(ne)) = |¥,) = W |¥,—1)). The walk operator (W) con-
sists of the coin operator (C) and the conditional shift operator
(8). In this work, we use the following coin operator:

0 —isin(@
cos(9) i sin( ))’ n

C() = exp (—ifioy) = <_ism(9) cos(6)

which rotates the spinor (|s)) by an angle 26 about the positive
x axis. Throughout this work, the coin parameter is fixed at
0 = m /4. The shift operator () is defined as

$= 100 0I@x—1) (x| + 1) (1@ x+1) (x]l, (2

shifting the position state |x) associated with coin state |1)
(]0)) by one step in the positive (negative) direction. Note that
this shift operator implements an unbounded DTQW on an
infinite lattice with open boundary conditions.

Similarly, the model we consider to implement CTQW and
study sharp restart is the tight-binding evolution with repeated
monitoring [39]. The quantum walker undergoing continuous-
time evolution moves on the same one-dimensional lattice as
the discrete-time walker but evolves continuously under the
tight-binding Hamiltonian given by

N
H=—y Y () (x+1+x+1) &x]). 3)
x=—N

The initial quantum state of the walker here is given by
|®(r =0)) =[x =0), which exists only in the position
Hilbert space H,. The walker’s state after time At is given
by ®(t + At) = exp(—iH At /h)®(t) with /i = 1. Unlike a
DTQW, where the walker evolves in discrete steps of time

e [i.e., W(ne)], in a CTQW the time increment Az in the
state ®(t + Ar) can be chosen arbitrarily small, reflecting the
continuous nature of the evolution.

To monitor the walks, we repeatedly measure the walker’s
position at x = § after time intervals of AT. In a CTQW, AT
can be set arbitrarily small; however, in a DTQW, AT must
be an integer multiple of the discrete time step €. In other
words, AT = te for DTQWs, where the integer t represents
the DTQW step just after which measurement is taken. For
instance, T = 2 implies that we measure the walker’s position
after every two steps of DTQW. In both walks, each measure-
ment gives a binary outcome: yes, the walker was found at |5),
or no, it was not. The walks continue as long as measurements
return no and stop upon the first yes [33,34,39,50]. Consider
the first measurement at time A7T. At time AT~ = AT — ¢
with € — 0 being positive, the continuous-time walker’s state
is given by

|®(AT™)) = exp(—iHAT) |®(0)). “

Similarly, after choosing a suitable time step ¢ such that AT
ends up being the integer multiple of ¢; the discrete-time
quantum walker’s state just before the first measurement is
given by

[W(AT™ =16 — €)) = W™ |[W(0)) . 5)

After the first measurement, we detect the continuous-
time quantum walker at x =4 with probability p; =
[(§|®(AT~))|*> and the discrete-time quantum walker with
probability p; = Z;zo |((c] ® (8]) |W(AT 7)) |2. If the walker
is detected, the walks end. However, if the walker is not
detected, which occurs with probability 1 — p;, the quantum
walks continues with a quantum state altered by the null
measurement. The altered state just after a null measurement,
i.e., attime ATt = AT + € in the CTQW is given by

|D(ATT)) = N(L, — 18) (8D |P(AT 7)), (©)

where 1, is the identity operator on the position space and N
is the normalization constant. For DTQW, we simply replace
1, with 1. ® 1, and |§) (5] with 1. ® |§) (8], and of course P
by W.

We can restart the walks after every r measurements, which
corresponds to a time interval of duration rAT. Immediately
after every restart, the walker’s quantum state is changed to
the initial state, |¥(r = 0)) for DTQW and |®(r = 0)) for
CTQW. In these monitored quantum walks under restart, we
encounter three types of probabilities. The first is p, repre-
senting the probability of detecting the walker at x = § on
the nth measurement, which we already discussed for n = 1.
The second, F;, describes the probability of detecting the
walker at x = § for the first time on the nth measurement;
F, = —p1)---(1 = py—1)pn. Lastly, the cumulative detec-
tion probability up to n measurements is denoted by Pyt (1) =
> i1 Fi. We are now ready to discuss the results.

III. RESULTS

We begin by plotting Pye(n) up to n measurements (i.e.,
up to time nAT) for four types of walks: in the quan-
tum regime, CTQW and DTQW; in the classical regime,
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FIG. 1. (a) Cumulative detection probability Py (n) for discrete
and continuous-time quantum and classical walks on an infinite
lattice (open boundary conditions). While quantum walks initially
outperform classical ones, at long times, their Py, saturates at lower
values, making quantum walks without restart worse than classical
walks for target detection. (b) Py (n) for restarted walks, showing
that discrete-time walks surpass the continuous-time counterparts,
with DTQW achieving the fastest detection under restart. We set § =
10 for all the walks, » = 35 for quantum walks, and optimal restart
times r = 191 and 87 for CTRW and symmetric DTRW, respectively.
For discrete-time walks, ¢ = 0.25, T = 1; for continuous-time walks,
7 = 0.25. Initial spin state |s) = |4+) = (|0) + |1))/\/§ is used for
DTQW.

continuous-time classical random walk (CTRW) and discrete-
time classical random walk (DTRW). The classical walks [1]
are performed on the same discrete lattice as the quantum
walks. The continuous-time random walk (CTRW) evolves
continuously in time, while the discrete-time random walk
(DTRW) evolves in discrete time steps (denoted by ¢). Both
walks are symmetric, meaning that the probability of hopping
left or right is 1/2. Following [39], we set the measurement
time period AT = 0.25 for both the quantum and classical
continuous-time variants. For the discrete-time versions, we
set ¢ =0.25 and t = 1, so that AT = te = 0.25, ensuring
that the time interval between consecutive measurements is
0.25 in all four walks. We use the symmetric initial spin
state, i.e., |s) = (|0) + |1))/ﬁ for the DTQW, and set y = 1
[Eq. (3)] for the CTQW. The target site § is set to 10 for all
walks.

Figure 1(a) shows Py(n) for all walks without restart.
We see that DTQW outperforms all other walks in short
times. However, at large times, classical walks beat quantum
walks, as, for classical walkers, Py (n) eventually reaches 1,
and detection is guaranteed. In contrast, for quantum walk-
ers, Py(n) remains significantly lower. Moreover, Py (n) of
DTQW without restart saturates at a higher value than that of
CTQW without restart.

Next, we employ the sharp-restart strategy [12,37] in which
we restart the walks after every r measurements. Keeping
other parameters the same as before, we set r = 35 for quan-
tum walks and the optimal restart times » = 191 [39] and 87
for CTRW and DTRW, respectively, to ensure a fair com-
parison [Fig. 1(b)]. In other words, we want to compare
the quantum walks restarted at » = 35 (following [39]) with
optimally restarted classical walks. We obtained the optimal
restart time for DTRW for target site § = 10 by numerical
simulation. We note two significant results. First, detection is
now guaranteed for quantum walks as well: Py (n) of DTQW
reaches 1 after around 400 measurements, significantly faster
than other walks. In contrast, CTQW, with the set parameters

[Fig. 1(b)], requires over 1000 measurements for its Py (n2) to
reach unity [39]. Second, while restarted CTQW outperforms
optimally restarted CTRW [39], it loses to restarted DTQW,
and even to optimally restarted DTRW. Furthermore, restarted
DTQW surpasses all other walks, highlighting its superiority
in target detection.

We address two important questions before discussing fur-
ther results: (1) Why does Py (n) for non-restarted quantum
walks saturate at values below 1? (2) Why do discrete-time
walks, whether restarted or not, outperform continuous-time
ones? The first question can be answered by considering the
role of destructive interference, which is unique to quantum
walks. In particular, under monitored measurements [51],
quantum walks exhibit an undetectable dark subspace [52-54]
that prevents Py (n) from reaching 1, even as n increases
indefinitely. In contrast, classical walks lack destructive in-
terference because they operate with additive probabilities
rather than probability amplitudes. Consequently, in classical
walks, Pyei(n) eventually converges to 1 as n increases. To
address question (2), note that discrete-time walks incorpo-
rate an additional coin degree of freedom, which indirectly
influences their position probability distributions (PPDs).
However, the primary reason that discrete-time walks out-
perform continuous-time ones is the distinct nature of these
PPDs:

(1) How PPDs help discrete-time walks: In discrete-time
walks, the detection probabilities, p(x|n), are nonzero only at
alternate lattice sites. Specifically, at even (odd) steps of the
walk, the detection probabilities at odd (even) sites vanish,
ie.,

p(x = odd|n = even) = 0,
p(x =even|n = odd) = 0. ©)]

In contrast, continuous-time walks assign finite probabilities
to all sites that the walker can reach at a given step. Since
the total detection probability is conserved (i.e., sums to 1),
the probability of detecting the walker at x = § at the nth
measurement—denoted by p,—is lower in continuous-time
walks because the probability is distributed among more sites.

(2) How PPDs help continuous-time walks. For
continuous-time walks, having finite p(x|n) for every
accessible site offers an advantage. At each measurement, the
CTQW exhibits a nonzero detection probability p,, whereas
in discrete-time walks with an odd t (e.g., t = 1 in Fig. 1),
Pn Vanishes at alternate measurements.

Now, we compare the walks by evaluating their Py (n).
The leading contribution in the expansion of Py(n) is
>, pi» so the walk with the larger sum performs better. In
other words, points (a) and (b) compete. The Py (1) plots in
Fig. 1 show that point (a) prevails; that is, the advantage of
higher p, values in discrete-time walks outweighs the benefit
of having finite p, at every n > § in continuous-time walks,
leading to better overall performance for the discrete-time
walks.

We now focus on restarted DTQWSs to study how param-
eters such as initial spin state (|s)) and measurement step
(t = AT /e) affect quantum hitting times. In Fig. 2(a), we
plot Pyt (1) over n measurements for DTQWSs with different t
values and initial spin states |s). Although the plots share the
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FIG. 2. (a) Pyei(n) for restarted DTQWs, showing that when 7 is constant and § = 11 > 0, initial spin state |1) performs the best, followed
by |+) and |0), respectively. The plot also illustrates that, when & is odd, even t’s, such as T = 2, yield Py (n) = 0 at every measurement.
(b) Mean FDPT as a function of restart time #, for restarted DTQWs with constant § = 10 and varying 7. (c) Mean FDPT versus ¢, with varying

8 and constant T = 1; |s) = |+).

same measurement index (the x axis), the actual measurement
times (nAT) differ. For example, for walks with t = 1 and
T = 3, Pyei(n) corresponds to cumulative detection probabili-
ties up to times ne and 3ne, respectively. We see that for the
target positions § > 0 (here, § = 11) the initial spin state |s) =
[1) that produces the left-skewed PPDs performs the best. In
contrast, |s) = |0) that produces right-skewed PPDs performs
the worst. Thus, we conclude that when the target’s position
relative to the origin is known, the search can be expedited by
choosing an initial state that skews the PPD toward the side of
the origin opposite the target. In other words, for the chosen
coin [Eq. (1)] and shift operator [Eq. (2)], choose |s) = |0)
(|s) = 1)) when § <0 (§ > 0). When such information is
unavailable, setting |s) = |+) that produces symmetric PPD is
the safer choice. We will talk about why this happens in some
detail later. Figure 2(a) also shows that when § is odd (here,
8 = 11) the walker can never detect the target if 7 is chosen to
be even (here, T = 2). While odd t’s allow detection for both
even and odd §’s, detection is impossible for odd § when even
©’s are used. The reason for this behavior is examined below.

In DTQWs, the probability of finding the walker at all
even (odd) positions is 0 at odd (even) steps of the walk
[Eq. (7)]. While for odd t’s (say t = 3) we measure the
walker’s position at both odd and even steps alternatively (at
n=23,6,9,...),foreven 7’s we can measure position only at
even steps. Thus, for even t’s, detection at odd § is impossible.
These observations not only suggest that setting an odd t is a
safer option when target’s parity is unknown, but also that, if
it is known, setting an even 7 could be more beneficial. This is
because when the parity of § is known, it can always be turned
even by shifting the origin. Then, for even t’s we have finite
detection probability at every measurement step, whereas for
odd 7’s we definitely miss detection at every alternate odd
measurement step. This will be demonstrated later, with some
nuances. However, first, let us move from Py () to expected
FDPT under restart, denoted by (FDPT),, which is a more
robust measure of the efficiency of target detection.

Let ny be the number of measurements, and R be the
number of restarts until first hitting. If we restart, as be-
fore, after every rth measurement step, (ny) = r(R) + (#),
where 0 <R < oo and 1 <7 < r. From here onward, we
set the discrete time step ¢ = 1 (without loss of general-
ity), thereby simplifying the relation to (FDPT), = AT (ny)

= 1(ny), where [12,42,55]

(ng) =Y > R+ — Poa ()1 F3)
R=0 n=1

r

1= P (DF,
T Pl ZPdet(r)'

®)

=1

The final equality follows from derivations for CTQW [39].
In Fig. 2(b), we plot (FDPT), as a function of restart time
, =rAT =rt(. ¢ = 1), keeping § = 10 fixed for all walks.
We see an oscillatory behavior in the mean FDPTs explicit
to quantum walks. The results also support the claim that
DTQWs initialized with a spin state |s) that skews the PPD
toward the side opposite the target outperform those with other
initial states. Specifically, for T = 1, the average first detection
passage time, (FDPT),, is lowest when |s) = |1) and highest
when |s) = |0). This occurs because the target site § = 10 is
on the right (positive) side of the origin, and initializing with
|s) = |1) produces a left-skewed PPD; i.e., the peak of the
PPD is closer to the target. Consequently, the probability of
detecting the walker at § = 10 is higher for DTQWs initial-
ized with |s) = |1) compared to those with |s) = |0), where
the PPD peaks away from the target. The increased detection
probability for |s) = |1) reduces the FDPT on average, as
reflected in Fig. 2(b). When |s) is fixed at |[+), T = 4 yields
the lowest expected FDPT under restart, followed closely by
T =1 and 2, with 7 = 3 performing worst among them. We
will compare the efficiency of different t’s in detail later.
Now, we note another interesting result: for the same &
(10) and |s) (|+)), T = 2 closely bounds the (FDPT), plot of
7 = 1 from below. More generally, for all even §’s, T = 27’
tightly bounds t/ whenever 7’ is odd. This is expected when
we compare the evolution of the DTQW for an odd t’ with
its immediate even successor 27’. In DTQWs with an odd 7/,
where we measure walker’s position at x = § at times nAT =
7/,27’, 37/, and so on. Since § is set even (here, § = 10), mea-
surements at the alternate odd steps (', 37/, 57/, ...) do not
alter the walker’s quantum state, making a DTQW with an odd
measurement step 7’ and a DTQW with an even measurement
step 21’ essentially the same. The minor difference arises due
to their PPDs following the equation py./(x = §|n) = pyo(x =
8|2n). Here, p», and p. are the probabilities of detecting
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FIG. 3. (a) Optimum restart times as a function of even values of §. Plots, except T = 1 and 2, exhibit a nonmonotonic increase as § grows;
however, they all maintain a positive average slope. (b) Minimum values of (FDPT) versus even §’s, showing that, for even target positions,
T = 4 is the optimal measurement period. (c) When min(FDPT) is plotted for all § values (even and odd), only odd t’s can compete, with
7 = 1 providing the fastest search. All plots correspond to restarted DTQWs initialized with |s) = |+).

the walker at 6 during the nth and 2nth measurements (i.e.,
effectively at the same times t; = nAT; = n(27') = 2n(r’) =
2nAT, = t;) for DTQWSs with measurement periods 27’ and
7/, respectively. We conclude that, if the target location’s
parity is known, selecting an even 21’ is preferable, as using
the odd-half 7’ results in redundant measurements at every
alternate step.

Before finding the most efficient t, let us examine how
the expected FDPT under restart varies with §. In Fig. 2(c),
keeping constant T = 1, we plot (FDPT), as a function of
restart time ¢, = r AT = rt for different §’s. In both Figs. 2(b)
and 2(c), the y coordinates of the red points indicate minimum
(FDPT),, while their x coordinates represent the optimum
restart time. The optimum restart time (ORT), i.e., the restart
time that minimizes (FDPT),, increases as § grows. One ex-
pects this result because, to reach § far from the origin, the
walker needs to evolve for a longer time, necessitating a larger
restart time. However, this increase in ORT with § may not be
strictly monotonic.

To illustrate this, we plot ORT as a function of even §’s in
Fig. 3(a). We keep only even §’s to allow even 7’s along with
the odd ones. For odd §’s and even t’s, detection is impossible,
causing ORT to diverge to infinity. The plot shows that, for
Tt = 1, ORT increases monotonically with §, as also observed
in Fig. 2(c). The t = 2 plot lies precisely on top of 7 =1,
further demonstrating the t’-2t’ equivalence for even §’s. As
T increases from 3 to 5, sharper peaks and valleys emerge
in the plots. However, the average slopes of all the t values
are similar, indicating that, as § increases, ORT generally
increases as well. Finally, we examine how varying t affects
the search for different target positions to identify the optimal
measurement period.

We divide the search for an optimal 7 into two cases: (1)
when the parity of the target position is known, and (2) when
it is unknown. Case (1) can be simplified to a search for even
8’s in which both even and odd measurement periods can
compete. In contrast, for case (2), we must only use odd
values to ensure detection for all §’s. Figures 3(b) and 3(c)
show the minimum expected FDPT as a function of §’s for
cases (1) and (2), respectively. The plots reveal that, for even
target positions, T = 4 yields the smallest values of minimum

(FDPT),, fiercely competing with T = 1 and 2, whose plots,
as expected, are identical. All values of T > 2 (except T = 4)
fall far behind in this race of target search. Hence, when the
parity of the target position is known, we can turn it into an
even value by shifting the origin if required. Then 7 =4 is
the optimal measurement period that gives the smallest values
of minimum (FDPT),, enabling the fastest search. In case (2),
where we search for a target of unknown parity, Figure 3(c)
reveals that T = 1 is optimal. We now turn to the reasons
behind these observations.

To explain these results, we examine the expression for
(FDPT), as a function of AT. Keeping ¢ = 1 as before, such
that AT = t, we have

r ~
1 — Pyee(r) (rt) + Z (M)F -
Paet(r) Pae (1)

€))

(FDPT), (r) = 7 (ny) =
=1

Here, F; = (1 — py)--- (1 — pa_1)pa, as defined earlier. The
first-order term with the highest contribution in the expansion
of F, is p,, followed by the second-order term p, Z?:_ll D>
and so forth. However, approximating F;, as p, is sufficient
to explain the observed results. Similarly, the leading con-
tribution in the expansion of Py (n) is Y ., pi, thus we
approximate Pye(n) ~ > i pi.

Why do walks with high 7 values perform poorly com-
pared to those with lower t’s? In other words, why do walks
with higher 7 exhibit higher minimum (FDPT), values [see
Figs. 3(b) and 3(c)]? This occurs because a larger T allows the
quantum walker to spread further across the lattice between
measurements. For example, after two null measurements, a
DTQW walker with T =5 reaches x =2 x 5 = 10, which
is five times farther than one with t = 1, reaching x = 2.
Hence, in high 7 walks, compared to those with smaller t,
the finite, conserved total probability is distributed over a
larger domain, causing p, to take smaller values even with
restarts. Now, keeping t constant, if we minimize Eq. (9) with
respect to r, we obtain the minimum (FDPT), for a given t.
The restart time rt after minimization becomes the ORT, r*t,
which remains nearly the same for walks with different 7 [see
Fig. 3(a)]. Moreover, setting r = r*, and noting that F;, ~ p,
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and Py (n) ~ Z:’zl pi, a straightforward analysis shows that
both terms in Eq. (9) increase with t, implying that the mini-
mum (FDPT), rises as we increase t. In summary, walks with
higher 7 perform poorly compared to those with lower 7.

However, if higher t’s, which spread probability more
widely across the lattice, generally increase (FDPT),, then
how does T = 4 outperform 7 = 1, 2, and 3 for even § values?
To answer this, two key points are relevant: (1) In general
DTQWs, including those in this study, the probability of find-
ing the walker at the position x=, is very small. Here, x=
represents the farthest lattice point with a nonzero chance of
finding the walker. (2) A monitored DTQW with T =1 or
2and § >0 (8 <0) has x}, <38 (x4 > 98). Alternatively,
assuming § > 0, when the probability of measuring the walker
at x = § becomes nonzero for the first time, a null measure-
ment changes the walker’s quantum state such that x.,q turns
from 6 to 6 — 2. Thereafter, with only 1 or 2 steps between
measurements (t = 1 or 2), the walker can evolve only as far
as x| = 8, where it again faces the same outcome.

Points (1) and (2) explain why, for even § values, 7 =
4 outperforms T = 1 and 2, despite the broader probability
spread. With t = 4, the walker moves beyond &, allowing its
Pn to exceed the limited p, = p(xj;d) achievable by T = 1 or
2. Contrastingly, walks with T = 3 lose to those with T =1,
2, and 4, even after allowing their walkers to go past é. This is
due to redundant alternate measurements that make no change
in the walker’s state, effectively allowing six-step evolution
and resulting in a broader probability spread that counteracts
the benefits of moving past §.
 We note that the results here are obtained for the coin
C(6 = n/4) [Eq. (1)]; however, they fundamentally depend
on the nature of PPDs produced by the DTQWs. Con-
sequently, with appropriate modifications, these results are
generic and remain valid even if a different coin (e.g., the

Hadamard coin) is used, provided that the analysis accounts
for the corresponding PPDs.

IV. CONCLUSION

In this work, we explored the role of sharp restarts, initial
states, and measurement periods in expediting the quan-
tum hitting times of DTQWs. First, we highlight the key
findings: Monitored DTQWs with sharp restart significantly
outperform their continuous-time quantum counterparts and
optimally restarted continuous-time and discrete-time classi-
cal walks. As shown in restarted CTQWs [39], restart helps
in evading dark states in the DTQWSs context as well. The
coin degree of freedom can be leveraged to tailor DTQWs
with faster hitting times when the target’s position relative
to the origin is known (i.e., § > 0 or § < 0). Notably, the
mean FDPTs of restarted DTQWs exhibit oscillatory behav-
ior, a hallmark of quantum behavior absent in classical walks.
For higher measurement periods, the optimum time to restart
the walk does not increase in a strictly monotonic fashion
as the target moves farther from the origin. Furthermore,
knowledge of the target’s parity can be utilized to get an
even more efficient search by selecting measurement period
T = 4. The combined knowledge of the target’s side and parity
enables highly efficient searches. Even without such prior
information, initializing the walk with a symmetric coin state
and setting the measurement period to 1 still ensures bet-
ter performance than classical and continuous-time quantum
walks.

With the ability to control and engineer periodic [56] and
aperiodic DTQW [57], one can foresee an important role of
sharp restart in modeling and accelerating quantum dynamics
in complex quantum systems and quantum networks with
directed targets.
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